The exercise of a warrant leads to the well-known dilution phenomenon, whose effects have been extensively studied over the last four decades. In contrast, the existing literature has paid inadequate attention to the volatility spillover between stockholders and warrant holders. This "risk-shifting effect" has significant implications on warrant pricing, since any formula that assumes a constant volatility of stock returns produces a bias, as we document in this paper. We prove that a CEV process with a specific elasticity parameter properly models the stochastic volatility of stock returns for a firm with warrants outstanding. Besides, contrarily to most of the existing warrant pricing approaches, we propose a closed-form formula (exclusively based on observable market variables) able to absorb the risk-shifting bias.
Introduction
Differently from options, the exercise of a warrant leads to the well-known dilution effect. When a warrant is exercised, the firm issues new shares and the proceeds are paid to the firm. The motivation for the holder to exercise a warrant is the gain obtained from buying a stock at a lower-than-market price. This payoff represents a wealth loss for non-participating shareholders who act as option writers. This wealth transfer is generally known as dilution effect, and it has attracted the attention of many scholars during the past forty years.
In contrast, the associated effect of risk shifting from shareholders to warrant holders has received very little attention. Whenever a firm has warrants outstanding, the stock and the warrant prices are jointly determined, as the equity value after the warrants issue becomes the combined market value of warrants and stocks.
In fact, any change in the equity value implies a price change in the same direction for the two securities, but with a significant difference in magnitude because of their unequal volatilities. A positive (negative) shock on the equity value yields a stronger appreciation (depreciation) of the warrant than of the stock price. As a result, the presence of warrants causes lower stock price variability relative to an identical firm with no outstanding warrants. We define this volatility spillover between the two securities as "risk-shifting effect." This phenomenon is first described by Crouhy and Galai (1991) , who also derive the analytical expression of the stock volatility for a firm with warrants outstanding (Crouhy and Galai, 1994) . Consistent with their expectations, the reduction of the stock volatility is a positive function of the dilution factor (the number of potential new shares from warrants conversion relative to the number of existing shares) and the warrant moneyness. In fact, a larger number of warrants outstanding generates a more pronounced dilution effect, while a higher level of moneyness is associated with a greater exercise probability and with a more elevated chance of dilution.
Nonetheless, the literature on warrant pricing has ignored the implications of this risk shifting, as the debate is totally focused on the price dilution occurring after warrants conversion.
From a theoretical standpoint, Black and Scholes (1973) (hereafter referred as BS) suggest to value a warrant as an option to buy a share of the firm's equity, rather than a call option on a common stock. The same approach is proposed by Galai and Schneller (1978) , who derive an explicit warrant pricing formula properly corrected to account for the future dilution effect. These studies are based on the same concept of firm's equity, defined as the combined market value of warrants and stocks. The use of equity as underlying asset allows the authors to neglect the volatility spillover between the two securities. If we accept the assumption that the equity volatility is constant, a dilution-adjusted BS formula easily provides the correct warrant price. Unfortunately, this pricing approach evidences a number of practical issues. First, due to the circularity in the pricing process, the warrant price is required to estimate the value of the equity and the latter in turn is needed to compute the warrant price. Second, when warrants are outstanding, the equity volatility is no longer equivalent to the stock volatility and it becomes an unobservable parameter. These drawbacks preclude obtaining a closed-form formula for the warrant price. A feasible solution, suggested by Ukhov (2004) , involves the numerical solution of an iterative algorithm based on observable variables (stock price and stock return volatility).
In opposition to the equity-based approach, Schulz and Trautmann (1994) and Sidenius (1996) suggest to price the warrant as a plain-vanilla call option on the firm's stock, applying the standard BS formula and ignoring the dilution effect. The economic rationale for not considering the dilution into a stock-based model is well documented in Handley (2002) . The author argues that, under the Efficient Market Hypothesis (EMH), the dilution deriving from the issue of warrants should already be incorporated in the stock price and in its volatility. Despite this intuition, what this approach fails to handle is the real effect of risk shifting. Even under the EMH, the risk shifting makes the stock volatility become a function of the stock price.
Therefore, any pricing model that assumes a constant volatility necessarily conveys a bias. In other words, the application of a BS formula is not justified if the stock is used as the underlying asset.
The potential pricing bias produced by a BS stock-based valuation is documented in Schulz and Trautmann (1994) . Using a sample of 37 German warrants, the authors show that at-the-money (ATM) and, with a higher extent, out-of-themoney (OTM) warrants exhibit a systematic pricing bias. However, the reported pricing error is not completely due to the risk shifting. The presence of firm's debt (leverage effect 1 ) or the leptokurtosis of stock return might have contributed in generating part of this mispricing. Isolating the specific pricing bias produced by the risk-shifting effect is one of the contributions of this study.
In order to avoid this pricing bias, a stock-based model should incorporate the volatility spillover between the two equity claimants. To the best of our knowledge, no prior attempt has ever been made towards this direction. In this paper, we prove that a stock-based constant elasticity of variance (CEV) model with an opportune elasticity parameter can efficiently model the volatility path for a firm with outstanding warrants. This approach avoids the problem of dealing with unobservable variables (typical of equity-based models) and allows us to obtain a closed-form pricing formula which nullifies the bias due to the risk shifting.
CEV models have been already proposed in the literature on warrant pricing.
Lauterbach and Schultz (1990) and Hauser and Lauterbach (1997) document the higher empirical accuracy compared to the dilution-adjusted BS model. However, our method totally differs from previous contributions, as they follow an equitybased approach and capture the mere leverage effect. Moreover, none of these studies point out the effects of the risk-shifting phenomenon and, most important, none of the existing pricing models explicitly measure its impact on the warrant 1 By "leverage effect" the financial literature refers to a negative correlation between stock prices and volatilities caused by the presence of debt financing (Black, 1976) .
value.
In conclusion, we believe to offer three main contributions to the existing literature. First, even if the stochastic process of diluted stock volatility has been already derived (Crouhy and Galai, 1994) , the possible economic implications have not been discussed yet. In this study, we argue that the risk-shifting effect largely explains the warrant pricing bias when a stock-based BS formula is used. As a second contribution, we isolate the specific bias produced by the risk shifting, quantifying the theoretical mispricing produced by a stock-based BS formula (or any pricing model with constant volatility). Finally, we adopt a CEV process to model the diluted stock price dynamics and we analytically calibrate an elasticity parameter consistent with the volatility spillover. This is a crucial aspect, as no prior study has tailored the stock elasticity of variance in response to a precise financial phenomenon.
2 Following this approach, we present a closed-form warrant pricing formula which embeds the stochastic volatility pattern and requires no unobservable variables. We show that this model mostly absorbs the risk-shifting bias, thus combining the accuracy of an equity-based formula with the practical usability of a stock-based method.
2 The model
The Volatility Process
We consider a pure-equity firm, divided into a number n of shares, following the usual geometric Brownian motion (GBM):
where σ is the annual equity volatility and z t is a standard Brownian motion.
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At time t 0 , a number m of warrants is issued and each of them gives the right to buy v new shares before the expiration T , paying the exercise price k. We assume that the proceeds from the sale of the warrants are immediately redistributed to stockholders so that the equity value remains unchanged. To avoid early exercise arguments, we also hypothesize that no dividends are paid while the warrants are outstanding. For any time t ∈ (t 0 , T ), we can write:
where S t is the value of common stocks and W t the value of outstanding warrants.
The same expression for the value of the single stock becomes:
where s t ≡ S t /n, a t ≡ A t /n and w t ≡ W t /m. According to Galai and Schneller (1978) , the value of a warrant written on s t is equal to a call option (c t ) written on a t , appropriately corrected for the dilution effect:
where λ is the ratio vn/(n + vm). Using this result, we are allowed to write:
defining φ ≡ 1 − λ/v as the dilution factor. The constant-variance process driving a t (equation (1)) implies that the call price in the right-hand side of equation (3) is obtainable by the standard BS formula. Thus, the diffusion of s t becomes
The application of Itô's lemma to this process leads to the following expression:
where σ s (t, a t ) is the instantaneous volatility of the diluted stock returns, i.e. the diffusion coefficient of ds t /s t . Equation (5) shows that the volatility of diluted stock return is always smaller than the (constant) volatility of equity return (i.e., σ s (t, a t ) ≤ σ, ∀ t 0 < t < T ). In fact, substituting equation (4) into equation (5) we find:
The difference between σ and σ s (t, a t ) is a positive function of the dilution factor φ. This is an intuitive result as the higher number of warrants issued, the larger fraction of equity volatility is absorbed by the warrant holders. We can also expect this risk spillover to strengthen as the probability of exercising a warrant increases. This is only partially true. Figure 1 plots the stock return volatility σ s (t, a t ) for different levels of dilution and time-to-maturity. The volatility reduction is not monotonically associated with the warrant moneyness, because the functional form of σ s (t, a t ) shows a humped shape. Hence, the probability of exercise has the effect of increasing the risk shifting only up to a given level of moneyness. After that point, when the warrants are deep-in-the-money, the risk shifting tends to decline.
The economic interpretation of this pattern is clear once we notice that the distinction between the two equity claimants weakens as the stock price increases.
4 N (·) denotes the value of the normal cumulative distribution function, and
Asymptotically, when s t → ∞, no risk spillover exists since warrant holders are de facto stockholders.
The CEV Process for Stock Return
In this section, we show how the risk-shifting effect is efficiently captured if we model the diluted stock value through a CEV process. Specifically, we argue that the calibration of the CEV elasticity parameter is the key to replicate the volatility shape depicted in Figure 1 . Under the EMH, the pricing formula we obtain is fully consistent with the theoretical equity-based warrant price. Hence, the outcome is an unbiased estimation of the true warrant value but, differently from equity-based models, it only requires market variables.
The CEV process for the stock return is
whereσ is positive and constant andz t is a risk-neutral standard Brownian motion.
The CEV parameter γ is straightforwardly related to the elasticity of the return volatility with respect to price: 0 < γ < 1 or γ > 1 implies, respectively, a negative or a positive elasticity. The case γ = 1 is trivial and leads to the classical geometric Brownian motion. The flexibility of the CEV parameter is extremely useful to our purposes, as γ can be calibrated to reproduce the humped shape depicted in Figure   1 . Intuitively, γ will range in the interval [0, 1] mainly for out-of-the-money and at-the-money warrants (where σ s (t, a t ) is downward sloping) and will lie above 1 for in-the-money warrants (where σ s (t, a t ) is upward sloping). Formally, we impose the following equality to hold:
where σ s (t, a t ) is defined as in equation (5). Since the right-hand side is precisely the volatility coefficient of the CEV diffusion in equation (7), requiring equation (8) to hold is equivalent to model the diluted stock price s t in a CEV form. Linearising both sides of equation (8) yields the following equality:
Note thatσ is a constant scale factor and does not affect volatility changes. Letting ∆t → 0, we derive the optimal CEV parameter γ * :
The right-hand side of equation (9) is simply the elasticity of return volatility relative to the stock price. Hence, the gamma parameter is
The stock return volatility σ s (t, a t ) and the stock price s t are known market parameters, 6 but γ * is also a function of the unobservable variables a t and σ. Given our aim to obtain a pricing formula entirely based on observable parameters, we replace these variables with s t and σ s . After some computations (shown in appendix), we getγ = 1 +ε σs,s ,
and M ≡ Ke −r(T −t) /s t is a moneyness ratio. 7 The elasticity parameter in equation (10) is now a function of fully available market data. Although this substitution introduces an apparent bias, we argue that the effects of the two replaced variables tend to mutually offset, leading to an almost negligible difference betweenε σs,s
(defined henceforth as "feasible") and ε * σs,s . The numerical simulation (Table 1) proves this assertion, showing the optimal and the feasible elasticities for different levels of dilution and time-to-maturity. The difference is remarkably small, except for at-the-money, short-dated, and high-diluted warrants. While the data in Table   1 do not allow any conclusions about the pricing error introduced by this approximation, we will show later in the paper that it is negligible. Consistent with our predictions (Figure 1 ), the elasticity is always negative for out-of-the-money and at-the-money warrants, whereas it becomes positive as the moneyness progressively increases.
The warrant pricing formulas
The feasible elasticity parameter obtained in equation (10) allows us to write the risk-neutral dynamics of the stock return as
This CEV process is analytically tractable and we are able to compute the value of a warrant without taking into direct consideration both the dilution and the risk-shifting effect. Consistent with the classical option pricing theory, the value of 7 N (·) denotes the normal density function, and
a warrant is
where f (·) is the density function of the stock price at maturity. Schroder (1989) provides the CEV option pricing formula in terms of the non-central chi-square distribution:
and where χ 
The simulation test
The closed-form warrant pricing formula proposed in the previous section originates from a stock-based approach, whose trade-off has been already discussed.
Dealing with observable variables implies a number of pros, but this pricing method conveys a bias if we assume the stock volatility being constant. The aim of this section is twofold: first, we specifically measure this bias and explain its main determinants; second, we show how our CEV-based approach is able to largely absorb the potential mispricing. The emerging insight is that our model combines the theoretical pricing accuracy of an equity-based formula, with the practical usability of a stock-based model.
In order to estimate the pricing bias generated by different stock-based models, we propose a simulation approach. Under a wide range of warrant parameters (moneyness, time-to-maturity, dilution factor), we investigate the pricing accuracy of three different stock-based pricing models: Black and Scholes (BS), squareroot CEV (SRCEV) and our free-gamma CEV (FGCEV). Within the Galai and Schneller's (1978) framework, the value of a warrant is equal to the value of a call option on an identical firm with no warrants, corrected for the dilution effect. This is the baseline for any equity-based model. Equation (2) provides, under the assumption of constant equity volatility, the correct warrant value and our comparing benchmark. Working on simulated data also allows us to quantify the potential pricing bias generated by the feasible elasticity parameter given in equation (10) .
As we will show, the proposed approximation leads to a negligible difference.
In the simulation, we consider an unlevered firm with a number m of warrants outstanding having a dilutive power equal to φ and 30% constant equity volatility (σ = 30%). Warrant prices are estimated simulating 1,000 different asset values 8 equally divided into five classes of moneyness: deep-out-of-the-money (DOTM), out-of-the money (OTM), at-the-money (ATM), in-the-money (ITM), and deep-in-the-money (DITM). 9 The simulation is repeated for three different levels of time-to-maturity (3 months, 1 year, and 5 years) and dilution factors (10%, 30%
and 50%), resulting in a total of 27,000 price estimates within the whole confidence domain. The evaluation of the pricing accuracy is assessed analyzing the relative and the absolute pricing errors. The former is the difference between the estimated price (stock-based approach) and the benchmark (the equity-based formula in equation (2)), divided by the benchmark value; the latter is the absolute value of this price difference, divided by the same denominator. Clearly, these two measures provide different information. As relative errors tend to cancel out adding positive and negative biases, only the absolute pricing error is a suitable measure of mispricing. In contrast, the relative pricing error measures the directional bias due to a systematic under-or over-valuation. Tables 2 and 3 show some descriptive statistics of the two error types and provide various interesting insights. In terms of the absolute error, the potential bias produced by a stock-based model exhibits wide variability according to the considered warrant parameters. The role of moneyness is, as supposed, critical. The mispricing is normally moderate for ATM and ITM warrants, but it becomes important as we move towards a lower degree of moneyness. For instance (Table 2) , with a 30% dilution factor and 1 year to maturity, the error ranges (respectively for SRCEV and BS) between 3% and 4% for OTM and between 31% and 23% for DOTM warrants. Dilution and time-to-maturity are other important variables explaining the extent of the pricing bias. For any level of moneyness, either a dilution increase or a warrant's life extension enlarges the potential mispricing, even if some differences arise between SRCEV and BS. However, the central result is the reported absolute pricing error regarding our model. Table 2 visibly shows how the FGCEV is able to absorb most of the bias (either in mean and median) generated by a stock-based approach, independently of almost any level of time-to-maturity and dilution. Table 2 also shows the effect of the approximation we used to derive the feasible elasticity parameter. The pricing difference between the optimal and feasible FGCEV is negligible and is not sensitive to any of the considered variables (time-to-maturity, moneyness, and dilution). The pricing gap tends to slightly widen for OTM, high-diluted, and short-dated warrants, but it remains extremely moderate in relative terms. This result confirms our initial supposition, since the potential divergence between the optimal and the feasible elasticity parameters does not correspond to a relevant pricing difference.
The analysis of the relative pricing error (Table 3) is probably less critical.
The directional pricing bias follows the previous pattern, as it is more severe when we consider long-dated, high-diluted OTM or DOTM warrants. However, the behaviour of BS and SRCEV is rather different. Specifically, BS tends to overprice for low levels of moneyness, whereas SRCEV generally offers severe negative pricing errors for OTM and DOTM and positive errors for ITM or DITM warrants.
These results are intuitive in the light of the different assumptions regarding the stock return volatility. While BS assumes a constant volatility, SRCEV imposes a monotonic negative relation between the underlying value and the stock variability. None of these assumptions correctly describes the humped functional form of the stock volatility (Figure 1 ). In the case of OTM and ATM warrants, the stock volatility declines as the moneyness increases. Consequently, BS overestimates the volatility as well as the warrant value. The effect produced in SRCEV is less intuitive. The assumption of a constant but negative volatility slope produces an underestimation of the effective volatility path when the risk shifting is moderate (e.g., DOTM warrants with low dilution power) and a fairly acceptable estimate for OTM or ATM warrants, but it completely fails when the volatility is upward sloping, which typically is the case of ITM or DITM warrants. However, the overor underestimation of the stock return volatility depends upon the extent of the risk shifting in place. This means that a positive or a negative directional bias is diverse when we take into consideration different levels of time-to-maturity or dilution.
As a last notation, the FGCEV model shows a nearly absent directional bias across time-to-maturity and moneyness classes, with the only exception being highdiluted and short-dated warrants. Moreover, no important discrepancies exist between the feasible and the optimal FGCEV versions. The robustness of our model, which combines the advantages of a stock-based approach with the accuracy of an equity-based model, is further on confirmed.
Summary and conclusions
The presence of warrants causes a potential dilution problem over the issuer's stocks and a risk-shifting effect from shareholders to warrant holders. While the first phenomenon has been extensively studied, the latter has received little attention in the literature. The risk-shifting phenomenon originates from the different volatility between stocks and warrants. Any change in the equity value implies a price change in the same direction for the two securities but with a significant difference in magnitude. The higher warrant price change absorbs part of the stock variability, producing a volatility spillover.
In this study, under the hypothesis of constant equity volatility, we derive the stochastic process of the stock volatility for a firm with warrants outstanding.
Consistent with our expectations, we find that the diluted stock volatility is always smaller than the equity volatility (or the volatility of an identical firm with no warrants outstanding), and the magnitude of this difference is a positive function of both the dilution coefficient and the warrant moneyness. This insight has an important implication on warrant pricing, since assuming a stationary stock volatility necessarily produces a bias.
The seminal papers of Black and Scholes (1973) and Galai and Schneller (1978) do not address this issue as they focus on the total equity value (stocks and warrants). According to these equity-based models, the value of a warrant is equal to the value of a call option written on a share of the firm's equity and corrected for the dilution effect. This approach allows to ignore the shape of the stock volatility but it is impractical, since it requires unobservable variables. In contrast to the equity-based approach, some studies suggest to price a warrant as a plain-vanilla call option on the firm's stock. Under the EMH, ignoring the dilution is formally correct, as the effect is fully reflected into stock prices. However, this stock-based approach neglects the risk-shifting effect and produces, as we show in our simulation test, an important bias.
In this paper we prove that a stock-based constant elasticity of variance (CEV) model with an opportune elasticity parameter can efficiently model the volatility path for a firm with outstanding warrants. This approach avoids the problem of dealing with unobservable variables (typical of equity-based models) and allows us to obtain a closed-form pricing formula which nearly nullifies the risk-shifting bias.
Appendix
In this appendix we derive the feasible elasticity of stock volatility with respect to price, labelled as equation (11) in the text. First, we rewrite the stock return volatility in equation (5) as a function of the diluted stock price. Using equation (4) we obtain
Now we compute the derivative of the expression here above with respect to s t , we multiply by s t and we divide by σ s (t, a t ). The following equation is straightforward:
and it simplifies to
Replacing the unobservable pair (a t , σ) with (s t , σ s ) leads to the following feasible elasticity:ε
where M ≡ Ke −r(T −t) /s t is a moneyness ratio, N (·) denotes the normal density function andd 2 has the usual meaning. Since this expression is exactly our equation (11), the proof is complete. The figure shows the effect of a warrant issue on the stock return volatility (dotted line) for an unlevered firm. Due to the absence of debt, the equity volatility (flat line) embodies the stock return volatility for an identical firm without warrants. Thus, the distance between the two lines expresses the volatility spillover from shareholders to warrant holders (i.e., the risk-shifting effect). The stock return volatility path (equation (5)) is drawn for a hypothetical warrant with $10 strike price (k = $10), 30% asset volatility (s = 30%), and 3% risk-free rate (r = 3%). The upper graph exhibits the effect of three different dilution levels (given one year to maturity) and the lower one shows the effect caused by three different times-to-maturity (given 30% dilution). . Elasticity values are reported for three different levels of time-to-maturity (3 months, 1 year, and 5 years) and dilution coefficients (10%, 30%, and 50%), resulting in 27,000 estimates within the whole confidence domain. The optimal elasticity is numerically computed through a central finite difference approximation of the derivative in equation (9) . The feasible elasticity is calculated as in equation (11) Table 2 -Simulation test for theoretical pricing accuracy. The table reports mean and median of the absolute pricing errors (%) for free-gamma CEV (FGCEV), Black and Scholes (BS), and square-root CEV (SRCEV) models relative to the benchmark, as in equation (2). FGCEV is computed using both theoretical ( ) and feasible ( ) elasticity parameters. The pricing is based on a hypothetical warrant with $10 strike price ( = $10), 30% asset volatility ( = 30%) and 3% risk-free rate (r = 3%), simulating 1,000 different asset values equally divided into five classes of moneyness. Moneyness bounds are set according to the following probability intervals (first and last Pricing errors are reported for three different levels of time-to-maturity (3 months, 1 year, and 5 years) and dilution coefficients (10%, 30%, and 50%), resulting in 27,000 estimates within the whole confidence domain. Table 3 -Simulation test for theoretical directional error. The table reports mean and median of the relative pricing errors (%) for free-gamma CEV (FGCEV), Black and Scholes (BS), and square-root CEV (SRCEV) models relative to the benchmark, as in equation (2). FGCEV is computed using both theoretical ( ) and feasible ( ) elasticity parameters. The pricing is based on a hypothetical warrant with $10 strike price ( = $10), 30% asset volatility ( = 30%) and 3% risk-free rate (r = 3%), simulating 1,000 different asset values equally divided into five classes of moneyness. Moneyness bounds are set according to the following probability intervals (first and last 
